
r

PHYSICAL REVIEW E DECEMBER 2000VOLUME 62, NUMBER 6
Generation of very high-frequency waves by up-conversion in a plasma-loaded free-electron lase

V. Petrillo and C. Maroli
Dipartimento di Fisica, Istituto Nazionale di Fisica Nucleare and Istituto Nazionale di Fisica della Materia, Universita` di Milano,

Via Celoria 16, 20133 Milano, Italy
~Received 14 April 2000!

A free-electron laser loaded with a plasma is able to resonate at two different frequencies. The two waves are
copropagating, one with positive slippage while the other has negative slippage. We deduce the nonlinear
partial differential equations describing the interaction between the two waves in the slowly-varying-envelope
approximation. By injecting a signal at the low frequency, a strong signal is produced at the harmonically
related high frequency, with a lethargy time much smaller than that of the spontaneous vacuum emission. This
effect could be applied in the generation of very short wavelength radiation, up to the range of hard x rays.

PACS number~s!: 41.60.Cr, 41.75.Lx, 52.75.Di
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The possibility of generating high-frequency radiation
means of the mechanism of energy conversion between
two resonant frequencies of a free-electron laser~FEL! has
been described theoretically by Piovellaet al. @1# and Stern-
bach and Ghalila@2#, and further demonstrated experime
tally by Liu and Marshall@3# and by Levefreet al. @4#. In
these works a wave guide FEL has been studied. The e
tron beam is bunched by the low-frequency resonant w
which is injected at high power level from the outside a
gives origin to the wave growth at the harmonically relat
upper resonant frequency.

The two frequencies are described by the formula

v1,25
vs

11b i
@16b iA12X#, ~1!

wherevs5cb ikw /(12b i), kw52p/lw is the wave vector
of the wiggler magnetic field,b i5v i /c wherev i is the ini-
tial parallel velocity of the beam, the parameterX ~,1! is
related to the cutoff frequency and transverse dimensionb of
the wave guide asX5(b ig ikwb)22 and g i51/(12b i

2)1/2.
The regime considered was that whereX.1/g i

2, when both
waves are forward waves, one with positive and one w
negative slippage.

We define the ratio between the resonant frequencie
a5v1 /v2.1. The previous works@1,2#, which were lim-
ited to rather small values ofa, have shown that the effi
ciency of the conversion process is particularly large whea
is an integer but decreases with increasinga, roughly as
1/Aa. When X!1, the ratio a can be approximated a
a'4g i

2/(11g i
2X), while the corresponding estimate forv2

is given byv2'vsb iX/(11b i). In the case of the wave
guide FEL, the two preceding formulas become, resp
tively, a'4b i

2g i
2kw

2 b2/(11b i
2kw

2 b2) andv2'c/(kwb2).
The main interest of this scheme lies in the possibility

offers of obtaining, by frequency up-conversion, a radiat
with a very short wavelength. Sincev15av2 , one can pro-
duce a significant amount of power at a very large freque
v1 either by increasing the lower frequencyv2 and/or in-
creasinga. The increase ina may be achieved by enhancin
the initial energy of the beam, but the consequence is
contemporary diminution of the process efficiency. It see
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then more convenient to increase the low frequencyv2

'c/(kwb2), but the dependence ofv2 on the parameters is
not favorable, in this case, because both dimension of
waveguideb and wiggler periodlw are, in practice, quanti-
ties with a very limited range of variation. The process
up-conversion in a waveguide FEL seems, therefore, to
confined to the production of waves in the range of mic
waves or, at most, in the range of UVA, but it seems qu
impossible to apply it to shorter wavelengths, e.g., the
gime of x rays.

In this paper, we propose a way of controlling the disp
sion and slippage of the two resonant waves in the FEL
does not present the limitation described above. In t
scheme, the control is obtained by filling the wiggler cav
with a plasma, instead of using a waveguide. We will de
onstrate that all previous formulas continue to hold sim
by rewriting the parameterX asX5vp

2/(c2kw
2 b i

2g i
2), where

vp5(4pn0e2/m)1/2 is the plasma frequency of the electro
of the plasma background with undisturbed densityn0 . For
instance, withn054.431016 cm23 ~plasma frequencyvp

51.1831013 rad/sec), a wiggler with wavelengthlw
51 cm, a beam with the injection value of the Lorentz fa
tor g05406.8 (g i'317) and a volume densitynb5
5.1131014 cm23, we obtainX50.039, a factora5100, a
low-frequency wave with wavelengthl255 mm, and a
high-frequency wave withl1550 nm. As a second exampl
in the x-ray region, with n051.2431017 cm23 (vp5
1.9831013 rad/sec), lw53 cm, g0528 700 (g i

'10 000), nb51.7631015 cm23, X51023, a54000, by
injecting a wavelengthl250.6mm, one can obtain the high
frequency wave withl151.5 Å.

The advantage of this new scheme is thatX can be
strongly increased with respect to the waveguide case,
creasing the ratioa between the two resonant frequencies
g i is kept fixed. One can then reach high values ofv1 with-
out increasinga too much. We will give some consideration
on how this parameter, also in the present case, is relate
the efficiency of the process. In addition, we think that t
present scheme has all the advantages of the up-frequ
conversion with respect to the usual harmonic approach@5#,
namely,~i! the linewidth of the resonant high frequency
larger than that of the low-frequency wave, as opposed to
8612 ©2000 The American Physical Society



rg
e

e
th
t

er

-
a

d
gl

n

a

-
on

th

th
ts
k
m

ri

ry
m-

nd
etic
n

lds
-
ns

y
e

ms,

PRE 62 8613GENERATION OF VERY HIGH-FREQUENCY WAVES BY . . .
harmonic case, leading, in particular, to a smaller ene
spread@6#, and~ii ! the slippage of the high-frequency wav
is lower by a factor ofa than that of the low-frequency wav
~in the harmonic approach the slippage is essentially
same for all harmonics!, thus allowing a higher bunching a
the short wavelength.

We assume the usual wave equation for the transv
component of the electric field in one dimension, i.e.,

F ]2

]t22c2
]2

]z2GE'~z,t !524p
]J'

]t
. ~2!

J' is the transverse component of the total currentJ5Jb

1Jp with Jp52enpup , and Jb52en'b(s51
NT vs(t)d„z

2zs(t)…, wherenp andup are, respectively, the volume den
sity and average velocity of the electrons of the plasm
while Jb gives the beam current in the charged sheet mo
(n'b is the surface density of the electrons on the sin
sheet,NT the total number of sheets, andzs and vs are the
instantaneous position of thesth plane and velocity of thesth
beam particle!.

The longitudinal component of the electric field is give
by the Poisson equation]Ez /]z54p(rb1rp), with
rp5e(n02np) and rp52en'b(sd„z2zs(t)…. The plasma
is described by the cold nonrelativistic electron fluid equ
tions:

]np

]t
1

]

]z
~npupz!50, ~3!

]

]t
up1upz

]

]z
up52

e

m
E2

e

mc
@up3~B1Bw!#, ~4!

whereB(Bw)5“3A(Aw), Aw5aw(êe2 ikwz1c.c.)/& is the
vector potential of the helical undulator magnetic field,ê
5(ex1ey)/&, and A5Aê1c.c. is the radiation vector po
tential. Furthermore, the equations for the beam electr
can be written as

dzs~ t !

dt
5v is~ t !, ~5!

dpis~ t !

dt
52H e

mc
Ez~z,t !1

e2c

2m2c4gs

]

]z
~A1Aw!2J

z5zS~ t !

,

~6!

wherepis5b isgs andgs5@12vs
2(t)/c2#21/2. Here the con-

dition obtained from the transverse electron dynamics in
case of a purely axial injection of the beam, i.e.,p's
5(v's /c)gs5(e/mc2)(A1Aw), has been used.

We assume that the plasma, before the injection of
beam, is in a state of equilibrium without internal curren
(np5n0 , E50, B50, up50), and that the beam is so wea
that it produces only small deviations from the equilibriu
values.

Retaining only the linear terms and referring to the va
ablesE'5ETê1c.c. andEz , we obtain the following basic
equations:
y

e

se

,
el
e

-

s

e

e

-

F ]2

]t22c2
]2

]z2 1vp
2GET5

vb
2aw

c&

ns

n'b

]

]t (s

1

gs
e2 ikwz

3d„z2zs~ t !…2
vp

2

c
upz~ez3Bw!•ê* ,

~7!

F ]2

]t2 1vp
2GEz524p

]

]t
Jb,i2

vp
2

c
~up'3Bw!•ez , ~8!

where vb
254pe2nb /m. In the limit vc5eBw /mc!v and

when nb!np , the dispersion relation of the system is ve
near to that of the cold nonmagnetized plasma, which co
prises the two branchesvL5vp and v5Avp

21c2k2, the
first branch being completely electrostatic, while the seco
has a purely transverse polarization. The electromagn
branch is intersected by the beam resonance conditiov
5(k1kw)v i at two points, i.e., two values ofk, and conse-
quently ofv, satisfy this equation. These values ofv can be
cast in the form given by Eq.~1!, simply by redefining
X5vp

2/(c2kw
2 b i

2g i
2).

The system given by the previous equations for the fie
together with Eqs.~5! and~6! for the electrons, can be writ
ten in nondimensional form by introducing the definitio
E'5(1/c)(]A/]t), A5Aê1c.c., AT5eA/mc2, and the
wiggler parameteraw05eaw /mc2 and can be substantiall
simplified by making use of the slowly varying envelop
approximation, i.e., by putting AT5 i (Ã1ei (k1z2v1t)

1Ã2ei (k2z2v2t)) and np /n05ALei (kLz2vLt)1c.c., with the
hypothesis thatÃ1 , Ã2 , andAL are all slowly varying func-
tions of time and space. Considering only the resonant ter
we obtain at last the equations

Fv1

]

]t
1c2k1

]

]zG Ã152
vb

2aw0

2&
S n'b

nb
D(

s

1

gs
e2 i @kwzs1f1~zs!#

3d„z2zs~ t !…, ~9!

Fv2

]

]t
1c2k2

]

]zG Ã252
vb

2aw0

2&
S n'b

nb
D(

s

1

gs
e2 i @kwzs1f2~zs!#

3d„z2zs~ t !…, ~10!

FvL

]

]t GAL52 i
vb

2

2 S n'b

nb
D(

s
e2 i ~kLzs2vLt !d„z2zs~ t !…,

~11!

dzz

dt
5cb is , ~12!

dps~ t !

dt
5H ivp

2

ckL
@eifLAL2c.c.#2

caw0

&v igs

3@v1Ã1ei ~f11kwz!

1v2Ã2ei ~f21kwz!1c.c.#J
z5zS~ t !

, ~13!
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where f1,25k1,2z2v1,2t, fL5kLz2vLt, gs

>A11aw0
2 1ps

2(t).
An analysis of the various electron phases in the mom

tum equation~13! shows that the two resonant electroma
netic waves do not give rise to any longitudinal mode, b
causevL is not coupled to the other two frequencies. We c
therefore drop the electrostatic term in Eq.~13! which as-
sumes the simpler form:

dps~ t !

dt
52H caw0

&v igs

@v1Ã1ei ~f11kwz!

1v2Ã2ei ~f21kwz!1c.c.#J
z5zS~ t !

. ~14!

The coupling between the two electromagnetic wave
maintained becausek11kw5a(k21kw), leading to the two
phases being proportional for all values of time and space
a is an integer, in particular, as the electrons of the beam
bunched on the long wavelength, they acquire a bunch
also on the short wavelength, leading to a transfer of ene
to the high-frequency wave. This system of equations
been integrated numerically along the characteristics, in
ducing the nondimensional variablest52ckwrt,
z52kwrz, andA1,2, wherer is the FEL parameter given b

r5
1

g0
S vb

2aw0
2

16b ic2kw
2 D 1/3

and A1,25 i
4&ckwrg0v1,2

vb
2aw0

Ã1,2.

We assume that the long-wavelength wave acts as a p
wave and give a finite value to its amplitudeuA2u at t50.
The other free parameters areaw0 , the initial energy of the
beam ~given by g0), a, r, and the length of the electro
bunchLb . The main effect of the pump is that of shortenin
decisively the lethargy time. The intensity of the signal o
tained at saturation is, however, generally smaller than
generated spontaneously in a vacuum FEL.

In Fig. 1 we give the behavior of the signal intensity

FIG. 1. Saturated signaluA1uSAT
2 vs a for the excitation of the

high-frequency wave (l255 mm, uA2u50.5 at t50). The solid
curve gives a fit withuA1uSAT

2 5a/ab (a53.27,b50.68) while the
numerical results~solid triangles! show the existence of a mor
complicated structure for not very large values ofa.
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saturationuA1uSAT
2 , as a function ofa. The pump wavelength

and strength are fixed atl255 mm and uA2u50.5 ~at
t50), while the beam injection energy is increasing fro
the value g05134 when a510 (l15500 nm, r59.2
31023), up to g05906 when a5500 (l1510 nm, r
51.431023). The other parameters have the valuesn0
54.431016 cm23, nb55.1131014 cm23, aw050.8, lw
51 cm, Bw50.86 T, and the bunch lengthLb54 mm.
One can see that the efficiency of energy transfer to the
per resonant frequency is progressively decreasing with
increase in the frequency of the radiation excited with a r
that is approximately given byuA1uSAT

2 'a20.68, for large
values ofa.

Figure 2 shows the behavior ofuA1uSAT
2 and that of the

saturation lengthLSAT in meters vs the pump strengthuA2u at
t50, all other parameters being kept fixed with the follow
ing valuesg05406.8 ~beam energy of 207.4 MeV at th
injection!, l1550 nm, l255 mm, a5100, r5331023,
with n0 , nb , Bw , andLb as in Fig. 1. Figure 2 shows th
reduction of the undulator length that is necessary in
plasma-loaded wiggler to reach signal saturation with
increase in the pump strength. The saturated signal inten
shows first a maximum at relatively low pump strength
followed by a steady decrease with the scalinguA1uSAT

2

'uA2u21. The values given in this figure can also be co
pared with those obtained in the usual one-dimensional F
simulations, when there is no plasma and no account is ta
of the low-frequency resonant wave. In the vacuum case,
last wave is counterpropagating with respect to the elec
bunch and has no practical effects on the growth of the hi
frequency wave. With the same values as before forg0 , nb ,
Bw , andLb , one can show that,in vacuum, when there is no
signal att50 and the FEL is operating in the self-amplifie
spontaneous emission~SASE! regime, LSAT53.1 m and
uA1uSAT

2 51.25. From Fig. 2, one can see that the satura
values of the signal intensities that are obtained with
plasma loading and for rather low pump strengt

FIG. 2. Saturated signaluA1uSAT
2 ~solid triangles! and saturation

lengthLSAT in meters~hollow squares! vs the pump strengthuA2u at
t50, for a5100 and the signal wavelengthl1550 nm (l2

55 mm!. The usual vacuum SASE result for this case isuA1uSAT
2

51.25 andLSAT53.1 m.
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(uA2u,0.2) even exceed the vacuum value~the maximum
value in the case of Fig. 2 isuA1uSAT

2 51.6 atuA2u'0.15).
Figure 3 gives the actual profile ofuA1u2 vs the distancez

in meters along the undulator, compared with the growth
the usual vacuum and SASE regime, for the same param
as before, with the pump strengthuA2u50.1. The beam
bunching factor at the higher frequencyb1

5(1/NT)( je
2 i @f1kwzj (t)# has the valueub1u54.631024 at

t50 in both cases. All numerical results confirm that w
the low-frequency pump and the plasma-loaded undul
the radiation emitted at the first maximum, i.e., at saturati
follows the same scaling laws as the usual SASE sin
passage radiation.

In Fig. 4 we give, as a last example, a case in the x-
region, in which the excited wave has the wavelengthl1
51.5 Å. In this case, we use parameters whose values
near to the values assumed in the LCLS project@7#, in which

FIG. 3. log10uA1u2 vs the undulator lengthz in meters~solid
curve!, for the same casel1550 nm with uA2u50.1 att50 (NT

52200). The dashed curve shows the growth of the signal in
usual case in which the FEL is operatingin vacuumand in the
SASE regime.
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the FEL is operating in single pass, and the signal is star
from noise. We have choseng0528 700~beam energy 14.66
GeV!, the wiggler period is lw53 cm, r5331024,
a54000 (l250.6 mm), aw052.69 corresponding to a pea
value of the magnetic field of the helical undulatorBw
50.96 T and the beam length isLb54 mm. As in Fig. 3, we
compare the usual vacuum growth of the signal, which ha
saturation length of about 85 m and a saturated inten
uA1uSAT

2 50.92, with the signal increase in the plasma-load
case and with three values of the pump wave att50,
namely, uA2u510, 1, and 0.6. With the first value of th
pump strength, i.e.,uA2u510, the signal saturates atLSAT
'5 m, with uA1uSAT

2 50.025, while LSAT515.6 m and
uA1uSAT

2 50.23 andLSAT520 m anduA1uSAT
2 50.8, when the

pump is at the values 1 and 0.6, respectively. One can
that the present scheme could be used as a convenient
native method of reducing the great length of the undula
as proposed in this project, and of controlling, at the sa
time, the intensity of the x-ray output radiation pulse.

e

FIG. 4. log10uA1u2 vs the undulator lengthz~m!, when l1

51.5 Å. The curves~a!, ~b!, and~c! give the growth of the signa
when the pump wave is, respectively,uA2u510, 1, and 0.6. The
dashed curve shows the SASE growth without plasma.
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